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Abstract 

This is a sequel to [Tambj , in which a systematic study of cellular stratified spaces and 
related concepts was initiated. In this paper, we study important operations on cellular 
and stellar stratified spaces, including taking subspaces, subdivisions, and products. We 
also introduce a procedure which extends the classical duality for simplicial complexes. The 
results in this paper will be used to construct "Salvetti-type" models for configuration spaces. 
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1 Introduction 



This is a sequel to jTambj . whose role is to lay foundations of the study of cellular stratified 
spaces introduced in a joint work |BGRTI with Basabc, Gonzalez, and Rudyak and extend them 
to stellar stratified spaces. 

One of the purposes of this project is to import techniques developed for studying com- 
plements of hyperplane arrangements and subspace arrangements to the study of configuration 
spaces. Our main tool is the following theorem proved in [Tamb] . 



1 



Theorem 1.1. For a locally polyhedral cellular stratified space X, there exists a CW complex 
Sd{X) and an embedding 

i : Sd{X) X 
whose image is a strong deformation retract of X . 

When X is the complement of a complexified hyperplane arrangement equipped with the 
cellular stratification described by Bjorner and Ziegler in |BZ92| . Sd(X) coincides with Salvetti's 
construction Sal87; as simplicial complexes. 

Example 1.2. Let ^ be a real hyperplane arrangement in R" and consider the induced cellular 
stratification tTji^^i on M" (g) defined in |BZ92) . The stratification Tr^^jg^e induces a cellular 
stratification on the union of all affine subspaces in ^ ig) 

k 

Lk{A R^ = y ff, «) R^ 

i=l 

as well as on its complement 

M{A (E) R^ = M" ® R^ - Lk{A (g> M^- 

It turns out the CW complex Sd{M{A ® M^)) is nothing but the simplicial version of the 
higher order Salvetti complex for ^ (g) R^. □ 

The above example is a typical case we would like to consider. In this case, it is not hard to see 
that the induced stratification on the complement M{A®Mf) is a regular cellular stratification. 
In general, however, cellular structures do not behave very well with respect to taking subspaces 
and complements, although one of the most important features of stratified spaces is that the 
class of stratified spaces is closed under taking complements. 

We need two more operations when we study configuration spaces; products and subdivi- 
sions. Recall that the configuration space of distinct k points in a space M is defined to be the 
complement of the discriminant set Ak{M) = Ui<j {(^^ii ■ • ■ i^fe) ^ \ = ^j} the fc-fold 
product of M; 

Conffe(Af) =M^--Afc(Af). 

When M is a finite CW complex, M'' has the product cell decomposition. For cellular 
stratified spaces in general, products might not inherit cellular structures. Even when the product 
stratification makes into a cellular stratified space, Ak{M) is not a stratified subspace of 
M'^. We need to subdivide M'' in such a way Afc(M) is included as a stratified subspace. 

With these constructions in mind, we study the following questions in this paper: 

1. Find a condition under which a stratified subspace A of a cellular stratified space X inherits 
a cellular stratification. 

When X satisfies one of "niceness conditions", such as cylindrically normal or locally 
polyhedral, can the structure be restricted to A? 

2. Given cellular stratified spaces X and Y, when is the product stratification makes X x Y 
into a cellular stratified space? 

In particular, when both X and Y are locally polyhedral, does X x Y has a structure of 
locally polyhedral cellular stratified space? 

3. Find a general criterion for a subdivision of a cellular stratified space X to be a cellular 
stratified space. 
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We answer these questions by proving the fohowing resuhs: 

1. Let X be a cellular stratified space and A a subspace. 

• If X is cylindrically normal and all cell structure maps are hereditarily quotient^, then 
A inherits a structure of cylindrically normal cellular stratified space. (Proposition 



• When X is a locally polyhedral cellular stratified space, any locally finite cellular 
stratified subspace A is locally polyhedral. (Proposition 13 . 13"| 

2. Let X and Y be cellular stratified spaces. 

• If X and Y are cylindrically normal cellular stratified spaces satisfying one of the 
following conditions: 

— locally polyhedral, or 

— all parameter spaces are compact. 

Then the product X x Y is a, cylindrically normal cellular stratified space. (Theorem 

EH) 

• If both X and Y are locally finite locally polyhedral cellular stratified spaces, X x Y 
is a locally polyhedral cellular stratified space. (Corollary 13. 2ip 

3. Let X be a cylindrically normal cellular stratified space. Suppose that each domain Dx 
and each parameter space P^^x have cellular stratifications in such a way that 

: Pt^,x X L*^ — > Dx 

is a strict morphism of cellular stratified spaces. Then we obtain a cylindrically normal 
cellular stratification whose cells are cells in liit{Dx) for A G P{X). (Proposition [335]) 

Another important construction discovered by Salvetti is to glue cells in his simplicial model 
for the complement of a complexified arrangement to obtain a cellular model with a small number 
of cells. For a general locally polyhedral cellular stratified space X, however, an analogous 
operation on Sd(X) might not give rise to (globular) cells. We make use of stellar structures 
introduced in |Tambj to define a dualization operation D{X) under the assumptions that X 
is locally polyhedral, the number of cells is finite, and all parameter spaces are compact. It 
turns out the double dual D{D{X)) can be defined directly for any cylindrically normal stellar 
stratified space. With this structure. Theorem 1 1.1 1 can be rephrased as follows. 

Theorem 1.3 fTheorem l4.20p . For a cylindrically normal stellar stratified space {X,Trx), there 
exists a structure ngi^K^x) of cylindrically normal stellar stratified space on Sd{X) with which we 
have an embedding of cylindrically normal stellar stratified spaces 

z:(Sd(X),^Sai(x))-^(^,^x). 

When X is a locally polyhedral cellular stratified space, the image of i is a strong deformation 
retract of X in the category of stellar stratified spaces. When all stellar cells in X are closed, 
i is an isomorphism of cylindrically normal stellar stratified spaces. Finally when X is a finite 
locally polyhedral stellar stratified space with compact parameter spaces, (Sd(X), 7rsai(x)) can be 
identified with D{D[X)) as a stellar stratified space. 

When X is the complement of the complexification of a real hyperplane arrangement A, 
the stellar stratified space (Sd(X), 7rgai(jf)) coincides with the Salvetti complex of .4 as a cell 
complex. For this reason, (Sd(X), 7rsai(x)) is called the Salvetti complex of X and is denoted by 
Sal(X). 

^ Definition rOl 
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1.1 Organization 

• We collect definitions and facts used in this paper in ^ 

We first recall definitions of stratifications and cells in ^2.11 The definition of cellular 
stratified spaces and basic properties, especially their topology, are summarized in W2.2\ 
Topological categories associated with good cellular stratified spaces and their classifying 
spaces are recalled in ^2.3\ 

• For applications to configuration spaces, we need to understand subdivisions, subspaces, 
and their complements, which is the subject of Sj3] 

After summarizing basic properties of stratified subspaces, we study cell structures on 
stratified subspaces in t )3.1l We obtain several reasonable conditions under which products 
of cell structures are cell structures in ^3.2\ Subdivisions of cells are studied in m.3\ and 
subdivisions of cylindrically normal and locally polyhedral cellular stratified spaces are 
studied in SHU 

• In the last section 21 we introduce a couple of cellular and stellar stratifications on Sd(X). 

The classical dual complex construction for finite regular cell complexes can be easily 
extended to finite locally polyhedral cellular stratified spaces. We review the construction in 
H4.1l and extend it to cylindrically normal stellar stratified spaces. The cellular stratification 
on Sd(X) defined in tj4.1l should be coarsened for practical applications. We define a 
stellar structure on Sd(X) by gluing cells together and define the dual stellar stratified 
space D{X) in M.2\ And then Theorem 11.31 (Theorem l4.20p is proved. We conclude this 
paper by showing that the barycentric subdivision of totally normal stellar stratified spaces 
corresponds to the barycentric subdivision of small categories through the face category 
functor in ij4.3l 

• General properties of quotient maps used in this paper are summerized in Appendix \X[ 
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2 Preliminaries 

This section is preliminary. We recall definitions and basic properties concerning two main 
ingredients in this paper; cellular stratified spaces and topological categories. 
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2.1 Stratifications and Cells 



A cellular stratified space is a stratified space in which each stratum is equipped with a cell 
structure satisfying a condition analogous to the one for cell complexes. We define a stratification 
by using a poset equipped with the Alexandroff topology. 

Definition 2.1. Let A be a set equipped with a preorder <. The Alexanderoff topology on X is 
the topology in which closed sets are given by those subsets D satisfying the condition that, for 
any /i, A G A, A S and /i < A imply fi € D. 

Definition 2.2. Let X be a topological space and A be a poset regarded as a topological space 
under the Alexandroff topology. A stratification of X indexed by A is an open continuous map 

TT : a: — ^ A 

satisfying the condition that, for each A € Irnvr, 7r~^(A) is connected and locally closed. 

Each 7r~^(A) is called a stratum with index A. The set ImTr is denoted by P{X,tt) or P{X) 
and is called the face poset of {X, ir). 

The following fact implies that the above definition is equivalent to the one in [Tambj . 

Lemma 2.3. Let tt : AT — > A an continuous map from a topological space X to a poset A 
equipped with the Alexandroff topology. Then n is an open map if and only if the condition 
7r~"'^(A) C 7r^i(A') is equivalent to X < A'. 

Proof. It is well-known that tt is an open continuous map if and only if 7r~^(i3) ~ Tr^^{B) for 
any subset B C A. Thus, when tt is an open map, 7r~^(A) C 7r~i(A') if and only if A G {A'}, 
which is equivalent to saying A < A'. 

Conversely suppose that 7r~-'^(A) C 7r~i(A') is equivalent to A < A'. For a subset i? C A, we 
have 7r^i(_B) C Tr^^{B) by the continuity of tt. For x G tt^^{B), tt{x) G B. By the definition 
of the Alexandroff topology, there exists A e i? such that tt{x) < A. By assumption, this 
is equivalent to 7r~^(7r(2;)) C 7r~^{X). Thus x G Tr^^{B) and we have shown that tt^^{B) D 
Tr-^(B). □ 

Remark 2.4. Our definition is inspired by a general notion of gradings by a comonoid object 
in a monoidal category |Tamcj . In other words, a stratification on X by a poset A is a grading 
of AT by A in the monoidal category of topological spaces and open continuous maps. 

Definition 2.5. Let {X,ttx) and (Y,7ry) be stratified spaces. A morphism from {X,ttx) to 
(y, TTy) is a pair (/, /) of a continuous map f : X ^ Y and a map / : P{X) -> P(Y) of posets 
that are compatible with tt^ and Try. 

When AC is a subspace of F, / is the inclusion, and ttx is the restriction of Try, {X,ttx) is 
said to be a stratified subspace of Y . When 'k^{X) = Try^(A) for each A G P{X)^ X is said to be 
a strict stratified subspace of Y . 

When X = Y and / is the identity, (Ix,/) is called a subdivision. We also say that (AT, Trx) 
is a subdivision of (y. Try) or (y. Try) is a coarsening of (X, Trjf). 

We usually impose the CW condition on stratified spaces. 

Definition 2.6. A stratified space X is said to be CW if the following conditions are satisfied: 

1. (Closure Finite) For each stratum e\, the boundary de\ = eX — is covered by a finite 
number of strata. 
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2. (Weak Topology) X has the weak topology determined by the covering {eX | A G P{X)}. 
We have verified the following fact in jTamb] . 
Proposition 2.7. Any locally finite stratified space is CW. 

Corollary 2.8. Let {X,t:) be a CW stratified space and (X, tt') be a subdivision. If each stratum 
e\ in (X, tt) is subdivided into a finite number of strata in (X, tt'), then (X, tt') is CW. 

Proof. For each cell e\ in {X,tt), ej has the weak topology with respect to the covering 
because of the finiteness assumption. Thus X has the weak topology with respect to the covering 

u ^= u f u 

The closure finiteness condition also follows from the finiteness of the subdivision of each stratum. 

□ 

As is the case of CW complexes, metrizability implies local finiteness. 
Lemma 2.9. Any metrizable CW stratified space is locally finite. 

Proof. This fact is well known for CW complexes. The same argument can be used to prove this 
generalized statement. We give a proof for the convenience of the reader. 

If X is not locally finite, there exists a point x & X such that, for any open neighborhood 
U oi X, U intersects with infinitely many strata. For each n, let Un be the ^-neighborhood of 
X and choose a stratum e„ with t/„ n e„ ^ and x ^ €„■ Choose a;„ G [/„ n e„. Then the set 
A = {a;„}„=i^2.... is closed by the CW conditions. This contradicts to the fact that x ^ A and 
X ^ A. Thus X is locally finite. □ 

A cell structure is a continuous map from a globular cell to a stratum satisfying a reasonable 
condition. 

Definition 2.10. A globular n-cell is a subset D of D" containing Int(_D"). We call D n i9D" 
the boundary of D and denote it by dD. The number n is called the globular dimension of D. 

Definition 2.11. Let X he a. topological space. For a non-negative integer n, an n-cell structure 
on a subspace e (1 X is a continuous map ip : D ^ X satisfying the following conditions: 

1. y^{D) — e and the restriction <p|int(_D") '■ Int(Z?") — )> e is a homeomorphism onto e. 

2. : Z? — > e is a quotient map. 

For simplicity, we denote an n-cell structure (/? : Z) — >■ e by e when there is no risk of confusion. 
The globular cell D is called the domain of e. The number n is called the (globular) dimension 
of e. The difference e — e is called the boundary of e and is denoted by de. 

Definition 2.12. We say an n-cell e (more precisely, an n-cell structure ip : D ^ e) in a 
topological space X is closed when the domain Z? of e is a closed n-disk D". 

Remark 2.13. The map (p is also called the characteristic map of e when X is a cell complex. 
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Remark 2.14. The requirement of being a quotient map on a cell structure (p : D imposes 
some restrictions on the topology of e. When a cell e is closed, the "quotient map" condition 
on if is automatic because of the compactness of the domain. We recall important properties of 
quotient maps in Appendix 1X1 

Definition 2.15. We say a cell structure (p : D ^ e is relatively compact if ip^^{y) is compact 
for each ?/ G e. We also say that the cell e is relatively compact. 

We need stellar structures to define duality in f|4l 

Definition 2.16. A subset S of D'^ is said to be an aster if {0} * {x} C S for any x € S, where 
* is the join operation defined by connecting points by line segments and is the origin of . 
The subset S n dD^ is called the boundary of S and is denoted by dS. The complement S — dS 
of the boundary is called the interior of S and is denoted by Int(S'). 

We require the existence of a cellular stratification on the boundary in order to define the 
dimension. 

Definition 2.17. A stellar cell is an aster S in for some N such that there exists a structure 
of regular cell complex on S which contains dS as a strict cellular stratified subspaced. 

When the (globular) dimension of dS is n — 1, we define the stellar dimension of to be n 
and call S a stellar n-cell. 

Definition 2.18. An n-stellar structure on a subset e of a topological space X is a continuous 
map (p : S satisfying the following conditions: 

1. 5 is a stellar n-cell. 

2. ip{S) = e and the restriction 1^511,11(5) • Int(S') — > e is a homeomorphism onto e. 

3. 93 : S* — 7- e is a quotient map. 

A subspace e d X equipped with an n-stellar structure is called a stellar n-cell in X. We 
say e is thin if = {0} * dS. When e is thin and S is compact, e is called closed. 

2.2 Topology of Cellular and Stellar Stratified Spaces 

The definition of cellular stratified spaces introduced in |BGRT[ iTamb] is very similar to the one 
of cell complexes. 

Definition 2.19. Let AT be a Hausdorff spaceH. A cellular stratification on A is a pair (tt, $) of 
a stratification tt : X ^ P{^) on X and a collection of cell structures 

$ = {(fx : Dx e\}xeP(X) 

on strata {ex = ''^~^{^)}xeP{x) of tt, satisfying the condition that, for each n-cell ex, the bound- 
ary dex is covered by cells of dimension less than or equal to n — 1. 

A cellular stratified space is a triple (A, tt, $) where (tt, $) is a cellular stratification on X. As 
usual, we abbreviate it by (A, tt) or A, if there is no danger of confusion. When the underlying 
stratified space (A, tt) is CW, (A, tt, $) is said to be CW. When all cell structures are relatively 
compact, A is called relatively compact. 

2 See De finitio n [331 
Lemma I A. II says that this is a reasonable assumption. 
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For cellular stratified spaces {X,Trx,^x) and {Y,tty,^y), a morphism of cellular stratified 
spaces from {X, ttjc, <i>x) to (Y, Try, $y) consists of a morphism / : (X, ttx) — >■ (Xi tty) of stratified 

spaces and a family of maps <^ f\ : D\ —5- D ti\\ \ that are compatible with cell structures. 

L ' ) \eP(X) 

A morphism of cellular stratified spaces is said to be strict if / is a strict morphism of stratified 
spaces and /a(0) — for each A G P{X). 

The category of cellular stratified spaces is denoted by CSSpaces. The subcategory of strict 
morphisms is denoted by CSSpaces''*'^"^*. 

As is the case of cell complexes, the finiteness implies the CW conditiorjfl and a CW cellular 
stratified space has a good topology when it is relatively compact. 

Proposition 2.20. Any relatively compact CW cellular stratified space X is paracompact. 

This is a corollary to the following theorem due to K. Morita |Mor54) . 

Theorem 2.21. Let {Ko,}aeA be a closed covering of a topological space X. When each Ka 
is paracompact Hausdorff and X has the weak topology with respect to {Ko,}aeA, then X is 
paracompact Hausdorff. 

Proof of Provosition \2.20[ By Lemma I A. 1[ eX is paracompact Hausdorff for each cell ex. By the 
CW assumption, X has the weak topology with respect to the covering {eA}AeP(x)- The result 
follows from Morita's theorem. □ 

We introduced the following structure on cellular stratified spaces in [Tamb] in order to 
describe the combinatorial structure of cell structures in terms of acyclic categories. 

Definition 2.22. A cylindrical structure on a normal cellular stratified space {X, tt) consists of 

• a normal stratification on dD" containing dDx as a stratified subspace for each n-cell 

(fix : Dx^ eX, 

• a stratified space P^^x and a morphism of stratified spaces 

&P,A : Pt,,x X Df, — > dDx 
for each pair of cells C dex, and 

• a morphism of stratified spaces 

*^Ao,Ai,A2 ■ -^Ai,A2 ^ Pxq.Xi ^ Pxq.X2 

for each sequence exg C e^j" C 
satisfying the following conditions: 

1. The restriction of b^^x to P^.a x Int(_D^) is a homeomorphism onto its image. 

2. The following three types of diagrams are commutative: 

Dx—^X 



'Proposition 12.71 
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-Pao,A2 X Dxo ; 9- 

P\2,\3 X -Pai,A2 X P\o,Ai ^ -Pai,A3 X Pao.Ai 

Ixc c 

P\2M X ^Ao,A2 ^ P\o,\3- 

3. We have 

dDx = U b^^xiP^.,x X IntiD^)) 

e^Cdex 

as a stratified space. 

The space P^,a is called the parameter space for the inclusion C ex- When = A, we 
define Pa, a to be a single point. A cellular stratified space equipped with a cylindrical structure 
is called a cylindrically normal cellular stratified space. When the map 6a, /i is an embedding for 
each pair C ca, the stratification is said to be strictly cylindrical. 

Let {X, TTx, ^x) and (Y, Try, ^y) be cylindrically normal cellular stratified spaces with cylin- 
drical structures given by {^'^a ■ -P/^a x P>^l ^ -Da} and {ba^p ■ Pa.p x Da Dfi}, respectively. 
A morphism of cylindrically normal cellular stratified spaces from {X^'KXt^x) to (Y, Try, ^y) is 
a morphism of stellar stratified spaces 

/ = (/,/) : (Y,7ry,$y) 

together with maps f^^x ■ P^x ~^ -^JitJ.) /(A) f^iat are compatible with structure maps. 

The category of cylindrically normal cellular stratified spaces is denoted by CSSpaces'^^'. 

Remark 2.23. Cylindrical structures on stellar stratified spaces are defined analogously. See 
[Tamb] for details. 

Totally normal stellar stratified spaces form an important subclass of cylindrically normal 
stellar stratified spaces. 

Definition 2.24. A totally normal cellular stratified space {X, tt) is a strictly cylindrically normal 
cellular stratified space whose parameter spaces P^_a are finite sets for all ^, A S P(X, tf). 

Remark 2.25. The above definition is different from but is equivalent to the one in |Tamb| . 

For cylindrically normal cellular stratified spaces, the relative-compactness can be easily 
verified. 

Lemma 2.26. Let X be a cylindrically normal cellular stratified space with parameter spaces 
{^)j.a}/^<a- j4 cell (fx '. Dx ex is relatively compact if and only if Pf^^x is compact for each 
fi< X. 
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Proof. For y £ de\, there exists /i < A with y e C de\. In the commutative diagram 



fj- 

Dx ex 



P^,A X lnt{D^) ^ Int(i5^) 



the restriction 6p,A|p^ xint(n,,) is an embedding and dDx is covered by the disjoint miion of such 
images. Thus we have fx^{y) = P^i.x x {y} and the result foUows from Corollary lA. 151 and the 
assumption. □ 

Corollary 2.27. Let X be a CW cylindrically normal cellular stratified space. If all parameter 
spaces are compact, X is paracompact. 

In order to make use of PL-topological techniques, we introduced the following structure in 
[Tamb| . 

Definition 2.28. A locally polyhedral stellar stratified space consists of 

• a CW cylindrically normal stellar stratified space X, 

• a family of Euclidean polyhedral complexes Fx indexed by A G P{X) and 

• a family of homeomorphisms ax '■ Fx Dx indexed by A G P{X), where Dx is the closure 
of Dx in a disk containing Da, 

satisfying the following conditions: 

1. For each cell ca, o^a : Dx is a subdivision of a stratified space, where the stratification 
on Dx is defined by the cylindrical structure. 

2. For each pair < ca, the parameter space P^^x is a locally cone-like space and the 
composition 

P,,A X f/^' P,,A X D, H Da ^ Fa 
is a PL map, where Fa — (^^^{Dx). 

Each aA is called a polyhedral replacement of the cell structure of ex. The collection A — 
{o:x}x£P{X} is called a locally-polyhedral structure on X. 

A morphism f : X ^ X' of locally polyhedral cellular stratified spaces consists of a morphism 
of cylindrically normal cellular stratified spaces and a family of PL maps fx ■ Fx ^ fW ^'^^ 

A G P{X) that are compatible with locally-polyhedral structures. 

The category of locally polyhedral cellular stratified spaces is denoted by CSSpaces^'''. The 
full subcategory of locally polyhedral cell complexes is denoted by CellComplexes^^. 

We frequently encounter the following special case. 

Lemma 2.29. Let X he a subspace ofM.^ equipped with a structure of cylindrically normal CW 
cellular stratified space whose parameter spaces F^.a are locally cone-like spaces. Suppose, for 
each ex G P{X), there exists a polyhedral complex Fx and a homeomorphism ax ■ Fx j^^unex 
such that the composition 



P,,x X F, F,,A X D, H Da ^ X ^ 
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is a PL map, where Fx — a^^{Dx). Suppose further that a\ : Fx ^ /jdimeA ^ cellular 
subdivision, where the cell decomposition on £)dimeA definition of cylindrical 

structure. Then the collection {ax}xePix) defines a local polyhedral structure on X . 

Proof See [Tamb| . □ 

Definition 2.30. A cellular stratified space satisfying the assumption of Lemma [2.291 is called 
a Euclidean locally polyhedral cellular stratified space. 

The following fact is also proved in |Tamb] . 

Lemma 2.31. Any CW totally normal cellular stratified space has a locally polyhedral structure. 

Any locally polyhedral cellular stratified space can be always embedded in a cell complex 
functorially. 

Lemma 2.32. There exists a functor 

U : CSSpaces^^ > CellComplexes^^, 

whose restriction to CellComplexes^^ is the identity. 

Proof. For a locally polyhedral cellular stratified space X, a cell complex U{X) containing X as 
a cellular stratified subspace is defined in |Tamb| by extending the cell structures to the whole 
closed disks by using the PL condition. Since a morphism X ^ Y oi locally polyhedral cellular 
stratified spaces are assumed to be PL on parameter spaces and cells, it extends to a morphism 
[/(/) : U{X) — i> U{Y) of locally polyhedral cell complexes by Lemma A. 38 in jTamb| . □ 

Definition 2.33. For a locally polyhedral cellular stratified space X, the cell complex U{X) is 
called the cellular closure of X . 

The existence of cellular closure implies that cell structures of a locally polyhedral cellular 
stratified space are bi-quotienl[£|. 

Corollary 2.34. Let X be a locally polyhedral cellular stratified space. Then any cell structure 
Lpx ■ Dx ex is bi-quotient. 

Proof. For an n-cell (px ■ Dx — )• eX in X, let (fx ■ I?" — U {X) the extension. Since (fx is proper, it 
is bi-quotient and hence is hereditarily quotient. By Lemma fA.Si (px is also hereditarily quotient. 

For y Gex C X , the fiber ip^^{y) can be identified with one of parameter spaces by the proof 
of Lemma [2.261 which is a cellular stratified subspace of a regular cell decomposition of dD". 
Thus the boundary dip^^{y) is compact. The result follows from 3 in Lemma DV.41 □ 

Corollary 2.35. Any locally polyhedral cellular stratified space is paracompact. 
2.3 Topological Face Categories 

We associate a topological category to a cylindrically normal stellar stratified space. Let us first 
fix notations for topological categories. 

5 Definition [X2] 
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Definition 2.36. A topological category^ C consists of topological spaces Cq and Ci, and con- 
tinuous maps 

s : Ci-^Co 
t : Xi — > Co 

o : N2{C) = {{u,v) e Cl I s{u) = t{v)} Ci 
L : Co — > Ci 

satisfying the following conditions: 

1. (u3 o U2) °ui — U30 {u2 ° ui) for any ui, U2, € Xi with s{u^) = t{u2) and 5(1*2) ~ t{ui). 

2. o u = u ^ u o i{x) if s{u) — x and t{u) = y. 

Elements in Cq are called objects and u G Ci with s[u) — x to t{u) — y is called a morphism 
from X to y. 

Remark 2.37. In this paper, we only consider the case when Cq is equipped with the discrete 
topology, which forces a coproduct decomposition 

Ci= [] C{x,y) 

and we have 

N2{C)^ II Ciy,z)xCix,y). 

x,y,z£Co 

Thus we may define a topological category C (with Cq discrete) in terms of Co and {C{x, y)}(x.y)<£C§- 

Definition 2.38. Let X be a cylindrically normal stellar stratified space. Define a category 
C{X) as follows. Objects are cells in X; C{X)o — P{X) with discrete topology. 
For each pair C eX, define 

C(X)(e^,eA)-Pp,A. 
The composition of morphisms is given by 

CAo,Ai,A2 ■ P\l,\2 ^ P\(),\l ^ P^o,^2- 

The category C{X) is called the cylindrical face category of X. 

Definition 2.39. For a topological category C, the simplicial space N{C) — {A'„(C)}„>o defined 

by 

7V„(C) = Funct([n],C) 

is called the nerve of C, where [n] is the poset < 1 < ■ • • < n regarded as a small category. 
The geometric realization of N{C) is denoted by BC and is called the classifying space of C. 

Remark 2.40. In the above definition, we regard a simplicial space K as a, functor 

K : A°P — > Spaces, 

where A is the category whose objects are [n] for n = 0, 1, 2, . . . and whose morphisms are order 
preserving maps. The subcategory of A consisting of injective morphisms is denoted by Ainj. 
Recall that a functor 

K : A°Pj — ^ Spaces 

is called a IS.- space. 

^This is usually called a category internal to the category of topological spaces or a category object in the 
category of topological spaces. 
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Lemma 2.41. For a cylindrically normal cellular stratified space X , the face category C{X) is 
an acyclic topological category. When X is totally normal, the topology is discrete. 

Definition 2.42. For an acyclic category C, define a partial order < on Co by 

x<y C{x,y) ^ 0. 
The resulting poset is denoted by P{C). 

Remark 2.43. For a cylindrically normal cellular stratified space X, we have P{C{X)) = P{X) 
as posets. 

When we study the classifying space of an acyclic category, we may remove all identity 
morphisms. 

Definition 2.44. For an acyclic category C, define 

n 

N,,iC) - iV„(C) - y s,{Nn-i{C)). 

i=0 

The collection N{C) = {iV„(C)} is called the nondegenerate nerve of C. 

It is a well-known fact that the nondegenerate nerve of an acyclic topological category has a 
structure of A-space. 

Lemma 2.45. For an acyclic topological category C (with discrete topology), the nondegenerate 
nerve N{C) has a structure of a A-space. Furthermore we have 

BC^\\NiC)l 

where the right hand side is the geometric realization of A-space. 

Hence, when the topologies on the morphism spaces C{x,y) are discrete, the classifying space 
BC is a totally normal cell complex. 

Proof. The first half is a well-known property of acyclic categories. The last sentence follows 
from the fact that the geometric realization of a A-set has a structure of totally normal cell 
complex. See |Tamb) . □ 

Cells in the geometric realization of a A-set can be described as follows. 

Definition 2.46. For a A-set K, define a map 

■■ \\K\\^]lKk 

k 

by nKi[x,t]) = X with t G Int(A'=). 

Lemma 2.47. For a A-set K, the map t:k defines a stratification on \\K\\. For x G Kk, the 
stratum 7r]~.^(x) is homeomorphic to Int(A'^). 

Proof. This is a restatement of the fact that the geometric realization of a A-set has a structure 
of cell complex. The map ttk is nothing but the stratification underlying the structure of cell 
complex on \\K\\. □ 
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Definition 2.48. For a cylindrically normal stellar stratified space X, the classifying space of 
C{X) is denoted by Sd(X) and is called the barycentric subdivision of X. 

With this notation, Lemma [2.411 and Lemma [2.451 imply the following. 

Corollary 2.49. For a totally normal stellar stratified space X, Sd(X) has a structure oj totally 
normal cell complex. 

Vertices in Sd(X) are in one-to-one correspondence to cells in X. We use the following 
notation. 

Definition 2.50. Let X be a cylindrically normal stellar stratified space. The image of e\ £ 
P{X), under 

P{X) = NoiX) ^ l[Nk{X) X A^- Sd{X) 

k 

is denoted by v{e\) and is called the bary center of e\. 

Lemma 2.51. Let C be an acyclic topological category in which each morphism space C{x,y) is 
equipped with a structure of cellular stratified space whose cell structures are bi-quotient. Then 
the classifying space BC has a structure of cellular stratified space. 

In particular when all morphism spaces are cell complexes, the classifying space BC has a 
structure of cell complex. 

Proof. Under the identification BC = ||A''(C)||, any point in BC can be represented by a pair 
{x,t) G Nk{C) X Int(A''') uniquely. In other words, we have a decomposition 

oo 

BC = ]]_Nk{C) X Int(A'=) 

k=0 

as sets. The bi-quotient assumption on cell structures on C{x,y) implies that Nk{C) has a 
structure of cellular stratified space0. Thus the above decomposition and the cellular stratification 
on each Nk{C) define a stratification on BC. 

For each cell (p : D ^e C Nk{C), let us denote the cell in BC corresponding to e x Int(A'^) 
by e X e*^. The composition 

D X A'= Nk{C) X A''' — > \\NiC)\\ = BC 

defines a cell structure on e x e*^. □ 

Definition 2.52. An acyclic topological category C is said to be cellular if Cq is discrete and 
Ci has a structure of cellular stratified space whose cell structures are bi-quotient. 

Remark 2.53. In the above definition, we assume that each C{y,z) x C{x,y) is a cellular 
stratified space under the product stratification. See Proposition 13. 1 71 and discussions in ij3.2l for 
conditions under which the bi-quotient assumption in Lemma 12.511 is satisfied. 

When Co is not discrete it is not easy to define cellularness, since the puUback of stratified 
spaces over a stratified space may not be a stratified space in general. 

When X is locally polyhedral, the face category C{X) has a cellular structure. 

'''See Definition 13. 161 for product cellular stratifications 
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Lemma 2.54. When X is a finite locally polyhedral stellar stratified space, the face category 
C{X) has a structure of cellular category. 

Proof. By definition C{X)q has the discrete topology. Since X is locahy polyhedral, the pa- 
rameter space Pfj^^x is a locally cone-like space for each pair < e\ of cells. It is well-known 
that locally cone-like spaces are stratified by simplices and simplicial cones. Thus C{X)i has a 
structure of regular locally polyhedral cellular stratified space. By Corollarv l2.34[ cell structures 
in C{X)i are bi-quotient. □ 

The following notations will be used in HA.'2[ 

Definition 2.55. Let C be an acyclic topological category and x an object of C. The nonde- 
generate nerve N{x J, C) of the comma categorjH x C is denoted by St>2;(C) and is called the 
upper star of x in C. 

The full subcategory of x I C consisting of {x I C)o — {Ix} is denoted by C^x- The 
nondegenerate nerve N(Cyx) is denoted by Lk>a;(C) and is called the upper link of x in C. 
The functor induced by the target map in C is denoted by 

tx ■ C>x C a; 4, C > C. 

The induced map of A-spaces is also denoted by 

tx : Lk>x(C) C St>x(C) ^lV(C). 

Dually the nondegenerate nerves of the comma category C I x and of its full subcategory 
C<j; consisting of {C I .x)o — {l^} are denoted by St<a;(C) and Lk<2:(C) and called the lower 
star and lower link of x in C, respectively. We also have maps 

Sx ■ C^x ^ C 

Sx : Lk<x(C) — >7V(C) 

induced by the source map. 

Remark 2.56. The notation Cyx and its definition is borrowed from Kozlov's book |Koz08) . 
Note that Lk>a;(C) is different from the usual link of x in N{C) in general. 

We have the following description. 

Lemma 2.57. For an acyclic topological category C and an object x £ Cq, we have the following 
identification 

\{ueNk+i{C) I s{u)^x}, k>0, 

under which the face operators 

:Lk>x(C7)fc ^Lk>x(C)fe_i 
are identified as df^ = di+i, where di+i is the face operator in N{C). 



°x 4. C is the category whose objects are morphisms m in C with s{u) = x. Morphisms are morphisms in C 
making the obvious triangle commutative. 
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Example 2.58. Consider the poset [2] = {0 < 1 < 2} regarded as a category — >■ 1 ^ 2. The 
category [2]>i has a unique object 1 — > 2 and no nontrivial morphism. Thus Lk>i([2]) is a single 

point. Under the map ti : Lk>i([2]) N{[2]) = A^, Lk>i([2]) can be identified with the vertex 
2 in . On the other hand, the usual link of 1 in A^ is the 1-simplex spanned by vertices and 
2. □ 

Example 2.59. Consider the face category C(5^;7ri) of the minimal cell decomposition of 5^. 

(7(5*-^; 7ri)>eO consists of two objects (C(5-^; 7ri)>eo)o C{S^;'Ki){e° ,e^) = {&_,&+} and no 
nontrivial morphisms. Thus St>eO {C{S^;tti)) is the cell complex [—1, 1] = {—1} U (—1, 0) U {0} U 
(0, 1) U {1} and Lk>eo(C(S'^ tti)) is S°. The map t^o maps the boundary d[-l, 1] = S° to w(e^) 
in Sd(5^) and defines a 1-cell structure. □ 

Note that, the comma category x has an initial object l^- 

Lemma 2.60. For an acyclic topological category C and an object x £ Cq, we have a homeo- 
morphism 

||St>,(C)|| -{lJ*||Lk>x(C)l|. 

Proof. Define a map K ■ \\ St>^(C)|| {l^^} H|Lk>^(C)|| as follows. For e || St>:r(C)l| = 

||A^(.x I C)|I, choose a representative {u,t) e Nk{x | C) x A*'. Here we regard ti as a sequence 
of composable A; + 1 morphisms in C starting from x; 

Uo «1 «2 Uk 

u : x — > xq — > x\ — y ■ ■ ■ — > Xk 

with ui, . . ., Uk non-identity morphisms. When uq is not the identity morphism, u belongs to 
Lk>2;(C)fe and [(1*,^)] can be regarded as an element of ||Lk>a;(C)||. Define 

h,{[u,t])^ 01, + l[{u,t)]. 

When Uo = Ix, write t = toO + (1 — to)t' under the identification A'' = {0} * A*^"^ and define 

K{[u,t])=tolx + {l-to)[{u',t% 

where 

u : X — > xi — > ■ ■ ■ — > Xk 

is the (fc — l)-chain obtained from u by removing uq. Since m is a nondegenerate chain, ui is not 
the identity morphism and u' G Lk^x{C)k-i- 

Since the set of objects Co has the discrete topology, the decomposition 

Nk{x i C) 

= I Y[ C{x,x) X C{x,xi) X ■ ■ ■ X C{xk-i,Xk)\ 

\x<Xl<-<Xk / 

ui ]J C{x,xo) X ■■■ xC{xk-i,Xk)\ 

\x<xo<---<Xk / 

= ({!,} xLk>,(x4C))nLk>^(a;4C) 

is a decomposition of topological spaces. The map fix is continuous on each component of 

Nk{x 4, C) X A*^ and defines a continuous map 

hx : ||St>,(C)|| ^{l4*||Lk>,(C)||. 
It is easy to define an inverse to hx, and thus hx is a homeomorphism. □ 
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3 Basic Constructions on Cellular Stratified Spaces 

We study the following operations on cellular and stellar stratified spaces in this section: 

• taking stratified subspaces, cellular stratified subspaces, and stellar stratified subspaces, 

• taking products of cellular stratified subspaces, and 

• taking subdivisions of cellular and stellar stratified spaces. 

3.1 Stratified Subspaces 

In this section, we consider the problem of restricting cellular stratifications to subspaces. Obvi- 
ously the category of stratified spaces is closed under taking complements of stratified subspaces. 

Lemma 3.1. Let X be a stratified space and A be a stratified subspace. Then the complement 
X — A is also a stratified subspace of X . 

This is one of the most useful facts when we work with stratifications on configuration spaces 
and complements of arrangements. On the other hand, when X is a CW complex and A is a 
subcomplex, A is always closed. This is no longer true for cellular stratified spaces. 

Example 3.2. In Example [TH Lk{A (g) M^) is a closed stratified subspace of M" ® K^. Its 
complement AI{A K^) is also a stratified subspace but is not closed in M" O E^. □ 

Let us consider cell structures on subspaces. Suppose X is a cellular stratified space and A is 
a stratified subspace. In order to incorporate cell structures, we need to specify a cell structure 
for each cell contained in A. 

Definition 3.3. Let X be a topological space and A be a subspace. For a hereditarily quotient 
rt-cell structure ip : D —^e G X with e C A, define an n-cell structure on e in A to be {Da, vIda) 
where Da — f^^ie H A). 

Lemma 3.4. Let X be a topological space and A be a subset of X. If {D,ip) is a hereditarily 
quotient n-cell structure on e (1 X and e <Z A, then (£'^,93|£)^) defined above is an n-cell 
structure on e in A. 

Proof. It suffices to check the maximality condition but the domain Da is chosen to guarantee 
the maximality. □ 

Definition 3.5. Let [X^n) be a cellular stratified space. A stratified subspace {A,ti\a) of X 
is said to be a cellular stratified subspace, provided cell structures on cells in A are given as 
indicated in Definition 13.31 When the inclusion A '-^ X is & strict morphism, A is said to be a 
strict cellular stratified subspace. 

Remark 3.6. In the above definition, all cell structure maps for cells in A are assumed to be 
restrictions of hereditarily quotient cell structures in X. 

We need to take cell decompositions of domains of cells into account for stellar stratified 
subspaces. 

Lemma 3.7. Let X be a topological space, A a subspace, and tp : D ^ e a stellar n-cell of X 
with e G A. When Da = <y3^^(e H A) is a stratified subspace of D and ip is hereditarily quotient, 
the restriction (p\da ■ A defines a stellar n-cell structure on e in A. 
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Definition 3.8. Let {X, tt) be a stellar stratified space and A a subspace of X. If the assumption 
of Lemma [3.71 is satisfied for each cell in A, (A, 7r|^) is said to be a stellar stratified subspace of 
X. 

Remark 3.9. Let X be a cellular or stellar stratified space and A be a cellular or stellar stratified 
subspace. Then A is a strict stratified subspace of X. 

The following fact can be regarded as a generalization of the fact that any subcomplex of a 
regular cell complex is regular. 

Proposition 3.10. Any stellar stratified subspace A of a cylindrically normal stellar stratified 
space X is cylindrically normal. Furthermore the parameter space for a pair of cells e^i < e\ in 
A can he identified with the parameter space for the same pair when regarded as cells in X . 

Proof. Let < ca be a pair of cells in A. Let (p^ : X and (p\ : D\ -> X be the cell 

structures for these cells in X. When regarded as cells in A, their cell structures are denoted by 



fA,\ ■ 

respectively. 

We need to show that the structure map 



Da,x 



A 
A, 



Pu.x X D„ 



of cylindrical structure for the pair in X can be restricted to 

h^,^x\p^^^yDA,f. ■ Pf^.X X DA^t, > Da,X- 

This can be verified by the commutativity of the diagram 



Pt,,x X Da,p. >- Da,x 



pr2 



Pf^.x X 
D 



ex 



CA n A 



e^r\A 



and the definition of stellar structures on A. □ 

Example 3.11. Consider Example [L2l The link Lk(A(8)M^) and the complement M{A®M.^) 
are both cellular stratified subspaces of (M" (g) , Tr^^Rf ) , which is regular, hence cylindrically 
normal. □ 
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Thanks to Corollary 12.341 cell structures in a locally polyhedral cellular stratified space X 
are hereditarily quotient. Thus any cellular stratified subspace A inherits a cylindrically normal 
structure with structure maps satisfying the PL conditions in the definition of locally polyhedral 
cellular stratification. The problem is the CW condition. It is easy to see that the closure 
finiteness condition can be restricted freely. The question is when a stratified subspace of a CW 
stratified subspace inherits the weak topology. 

Lemma 3.12. A closed or an open stratified subspace A of a CW stratified space X is CW. 

Proof. This follows from the corresponding property of weak topology. □ 

By Lemma [5321 any locally polyhedral cellular stratified space X can be embedded in a CW 
complex U{X). In general, however, a cellular stratified subspace A of X is neither closed nor 
open in U{X) and it is not easy to verify the weak topology condition. One of the practical 
conditions is the locally finiteness. The CW condition is guaranteed by Proposition 12.71 

Proposition 3.13. Let X be a locally polyhedral cellular stratified space. Any locally finite 
cellular stratified subspace A is locally polyhedral. 

We end this section by an example which shows another difference between cellular stratified 
subspaces and subcomplexes. In the case of CW complexes, the colimit of an increasing sequence 
of finite subcomplexes 

Xo C Xi C • • • C colim X 

n 

is automatically a CW complex. This is not true for cellular stratified spaces. 
Example 3.14. Consider the space 

X ^ {{x,y) e I 2/ > 0} UZ X {0}. 

The homeomorphism 

p:D^~{{Q,l)}^{{x,y)^^^\y>Q} 
given by extending the stereographic projection — {(0, 1)} — > R, 




defines a 2-cell structure on 

e2 = {{x,y) G R^ I y > 0} c X 

by restricting p to D = p^^[X). 

Each {(n, 0)} C Z X {0} can be regarded as a 0-cell e^. And we have a cellular stratification 
on X 
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X is a colimit of 

Xn = {{x,y) e I 2/ > 0} U {i e Z I \i\<n] x {0}. 
Each Xn is a finite stratified subspace of X, hence is CW. But X is not CW. □ 

3.2 Products 

fn this section, we study products of stratifications, cell structures, and cellular stratified spaces 
and deduce a couple of conditions under which we may take products. 

It is not difficult to define a stratification on the product of two stratified spaces. 

Lemma 3.15. Let (X, ttx) and (Y,7ry) he stratified spaces. The map 

TTx X Try : X X r — > P{X) x P{Y) 

defines a stratification on X x Y . 

Proof. The product of open maps is again open. □ 

We have to be careful when we take products of cellular stratified spaces. Even in the category 
of CW complexes, there is a well-known difficulty in taking products. Given CW complexes X 
and Y, we need to impose the local-finiteness on X or y or to redefine a topology on X x F in 
order to make X xY into a CW complex. 

In the case of cellular stratified spaces, we have another difficulty because of our requirement 
on cell structures. The product of two quotient maps may not be a quotient map. 

Definition 3.16. Let {X, nx, ^x) and {Y, ny, ^y) be cellular stratified spaces and consider the 
product stratification 

TTx XTTY ■■ X xY — > P{X) X P{Y) 
ox\ X xY in Lemma [3.151 For cells e\ d X and C Y , consider the composition 

<PA,Ai : Dx,^, Dxx v^t^ _ ^ _ ^ eA x d X x Y, 

where D\ fj_ is the subspace of £)dimeA+dime^ obtained by pulling back D\ x D^^ via the standard 
homeomorphism 

^dimeA+dimej, ^ ^dim ea ^ ^dime^ 

When </5a,/j is a quotient map, </?A,/i '■ D\^^ — > e\ x is called the product cell structure 
on e\ X e^. If is a quotient map for each pair of cells in X and Y^ the resulting cellular 
stratification is called the product cellular stratification on X x Y . 

The above definition is incomplete. Unless we have a general criterion for ipx,^ to be a quotient 
map, this definition is useless. 

By Lemma IA.8I and Proposition IA.13[ we can take products of bi-quotient cell structures. 
The question is when a cell structure is a bi-quotient map. By Corollary IA.15I and Corollary 
12.341 we obtain the following practical conditions under the assumption of cylindrical normality. 
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Proposition 3.17. Let X and Y be cylindrically normal cellular stratified spaces. If they satisfy 
one of the following conditions, any product e\ x has the product cell structure for X G P{X) 
and ^ e pIy): 

1. All parameter spaces are compact. 

2. Locally polyhedral. 

Proof. If X or y is locally polyhedral, all cell structures are bi-quotient by Corollary 12.341 By 
Lemma 12.261 each fiber of a cell structure in a cylindrically normal cellular stratified space can 
be identified with a parameter space. Thus, when all parameter spaces are compact, the cell 
structures are bi-quotient by Corollary lA. 151 □ 

If X and Y satisfy one of the above conditions, the product X xY has a structure of cellular 
stratified space. It is reasonable to expect that X xY \s again cylindrically normal. 

Theorem 3.18. Let X and Y he cylindrically normal cellular stratified spaces satisfying one of 
the conditions in Proposition \3.17\ Then the product X x Y is a cylindrically normal cellular 
stratified space. 

Proof. Let {(f^ : D\ -4 eX} and {ip^ : — >• e^} be cell structures on X and F, respectively. 
Cylindrical structures on X and Y are denoted by {bf^^, : P^x' ^ D\ ^ D\'} and {&^_^' : 
-^Xm' X ^ D^'}, respectively. 

For a pair of cell structures (p-^ : D\ — > X and (p^ : — s- Y , consider the product cell 
structure 



For (A,/Lt) < (A',/z'), define 



'fix, 11 ■ D\,fi ^ Dxx Da — >" ex x Cc 



When (A, /i) < (A', /i'), we have either A < A' or /i < /i' and thus the image of the composition 

P(x,^i)XX',^.') X Dx,^l = P^^x' X P^^, x Dx x 
^ Px,x' xDxX Pl^. X 

'■'-^^'^ Dy X D^, 

= Dx'^t,' 

lies in dDx,p = [Dx x dDp) U {dDx x Dfj). And we obtain a map 

&(a,m),(A',m') : -P(a,m),(A',m') ^ ^-^.M — ^ 9Da%p'- 
The composition operations 

^(Ai,/ji),(A2,Ai2) X P{Xo,tio),{X-i,ti-i) ^ ^(Ao,Mo),(A2,M2) 

are defined in an obvious way. 

It is straightforward to verify that these maps define a cylindrical structure on X xY under 
the product stratification and the product cell structures. □ 

Let us consider the CW conditions on products next. The closure finiteness condition is 
automatic. 
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Lemma 3.19. If X and Y are stratified spaces satisfying the closure finiteness condition, then 
so is X X Y. 

As is the case of CW complexes |Dow52j . the product of two CW stratifications may not 
satisfy the weak topology condition. In the case of CW complexes, the local finiteness of X 
implies that X x Y is CW for any CW complex Y. The author does not know if an analogous 
fact holds for CW stratified spaces in general. The following obvious fact is still useful in many 
cases. 

Lemma 3.20. Let X and Y be CW stratified spaces. If both X and Y are locally finite, then 
X X Y is a CW stratified space. 

Proof. The product of locally finite stratified spaces is again locally finite. The result follows 
from Proposition 12. 71 □ 

Thus, by Theorem 13.181 the product X x Y oi locally finite cylindrically normal cellular 
stratified spaces X and F is a CW cylindrically normal cellular stratified space. When X and 
Y are locally polyhedral, it is easy to verify that X xY inherits a locally polyhedral structure. 

Corollary 3.21. Let X and Y be locally polyhedral cellular stratified .spaces. Suppose both X 
and Y are locally finite. Then the product X x Y is a locally polyhedral cellular stratified space. 

Thus we may freely take finite products of Euclidean locally polyhedral cellular stratified 
spaces. 

Corollary 3.22. For any Euclidean locally polyhedral cellular stratified spaces X and Y , the 
product X X Y is locally polyhedral. 

Proof. By Lemma [2791 X and Y are locally finite. □ 
In Proposition 13 . 18l and Definition 13.161 we made an implicit choice of a homeomorphism 



This procedure can be avoided by using cubes as domains of cell structures, in which case it is 
a reasonable idea to require the structure maps to be compatible with cubical structures. Thus 
we introduce the following variant of locally polyhedral cellular stratified spaces. 

Definition 3.23. Let X he a CW cellular stratified space. We consider /" = (A-'^)" as a stratified 
space (regular cell complex) under the product stratification of the simplicial stratification on 
A^. A cubical structure on X consists of 

• a cylindrical structure ({6^, a : Pp.,\ x dDx}, {cAo.Ai.Aa : P\i^\2 x ^Ao.Ai ^ ^Ao.Aa}), 

• a stratified subspace Q\ of /'i™'^^ for each A G P{X) under a suitable regular cellular 
subdivision of /'^™ "^^ , and 

• a homeomorphism ax : Qx Dx for each A G P{X), 
satisfying the following conditions: 

1. Each P^,A is a stratified subspace of /dim -dim e^,^ 

2. The composition 



D 



I'm+n 



9^ £)" X D 



b^,\ ■■ P^,x X Qf, 





dDx 




is a strict morphism of stratified spaces. 
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3. The map 6^. a is an affine embedding onto its image when restricted to each face. 

The family of maps {a a : Q\ — ^ D\\xeP(x) is also called a cubical structure. 

A cylindrically normal CW cellular stratified space equipped with a cubical structure is called 
a cubically normal cellular stratified space. 

Example 3.24. The minimal cell decomposition of S*" is cubically normal. The radial expansion 

an . 1 — > U 

defines a cubical structure. The parameter space between the 0-cell and the n-cell is 9/" and is 
a stratified subspace of □ 

Example 3.25. Recall that any 1-dimensional cellular stratified space is totally normal, hence 
is cylindrically normal. They are cubically normal for an obvious reason, if they are CW. □ 

Example 3.26. Recall that MP^ can be obtained by gluing the edges of P as follows. 



This can be regarded as a description of a cell decomposition of MP^, consisting of two 0-cells 
e?, 6°, two 1-cells e^, e\ and a 2-cell e^. This is obviously cubically normal. □ 

Remark 3.27. When the domains of cells are not globulafl the situation is more complicated 
and we do not discuss the product structure here. 



3.3 Subdivisions of Cells 

We defined the notion of cellular stratified subspace in Definition 13.51 It often happens that we 
need to subdivide cells before we take a stratified subspace. For example, the product cellular 
stratification on (S"")*^ is subdivided before the complement of the discriminant set Afc(S'") is 
taken in the study of configuration space Gox\ik{S"') in [BGRTj . 

We have already defined subdivisions of stratified spaces in Definition 12.51 We impose the 
following "regularity condition" on the definition of subdivisions of cell structures. 

Definition 3.28. Let (tt, $) be a cellular stratification on X. A cellular subdivision of (tt, $) 
consists of 

• a subdivision of stratified spaces 

5 = (lx,s):(X,7r')^(X,^) 

and 

• a regular cellular stratification (tta, $a) on the domain Dx of each cell ex in (tt, $) containing 
lx\i{Dx) as a strict stratified subspace, 

satisfying the following conditions: 

9 Definition [TTOl 
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1. For each A G P{X,tt), the cell structure 

ipx : {Dx,Tr\) — > {X,Tr') 
of ex is a strict morphism of stratified spaces. 

2. The maps 

Piipx) : P{lntiDx)) P(X) 
induced by the cell structures {va} give rise to a morphism 

H P{lnt{Dx).^x) ^ P{Xy) 
xeP(x,TT) 

of posets, which is a bijection. 
Remark 3.29. The morphism s induces a surjective map 

P{s) : PiX.n') ^ P{X,7r), 
which gives rise to a decomposition 

P{X,7:')= H Pis)-\X) 

AeP(X,7r) 

of sets. The conditions in the definition of cellular subdivision imply that each cell structure ipx 
induces an isomorphism of posets 

P{ipx) : P{liit{Dx),7rx) ^ P{s)-\X), 
under which we have an identification 

[] P{liitiDx),7Tx)^PiX,7r'), 

where the poset structure on the right hand side is given by ^' < X' for fj,' G P(Int(D^), tt^) and 
A' e P(Int(DA), tta) if and only if (/^^(ep') C fxiex')- See the proof of Proposition 13. 381 

Remark 3.30. Cellular subdivisions of stellar stratified spaces can be defined in a similar way. 
We may also define stellar subdivisions of cellular or stellar stratified spaces. We do not pursue 
such generalizations in this paper. 

It is easy to verify that the category of cellular stratified spaces is closed under cellular 
subdivisions, when all cell structures are hereditarily quotient. 

Lemma 3.31. Let (X, vr, $) be a cellular stratified space whose cell structures are hereditarily 
quotient. Then any cellular subdivision of {X, tt, $) defines a structure of cellular stratified space 
on X, under which, for X e P(X,Tr) and A' G P(Int(-DA), '''a); the composition 

Dx'^Dx^X 

is the cell structure of the cell ey in P{X,t:'), where sx' ■ Dy — >■ Dx is the cell structure of the 
cell in P{Dx,'!Tx) indexed by A'. 
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Proof. By assumption, each cell structure (f\ is hereditarily normal and hence the composition 
° s\i : D\i — ey is a quotient map. Each new stratum is connected, since ey is connected. 
It is also locally closed, since </?A|int(DA) is a homeomorphism onto its image. Other conditions 
can be verified immediately. □ 

Remark 3.32. The reader might want to define a subdivision of a cellular stratified space 
(X, TT, $) as a morphism 

s = ilx,s,{sy}yeP{X^.')) ■■ i^^^'^^') (^,7^,$) 

of cellular stratified spaces satisfying the condition that, for each cell ex in (tt, $), the stratification 
of the interior of the domain Dx is indexed by s~^(A) 

lnt{Dx)^ U sx'ilntiDx')). 

However, we also need to specify the behavior of each cell structure on the boundary dDx- 

Example 3.33. Let A — {Hi, . . . , Hk} be a hyperplane arrangement in M" defined by affine 
1-forms L = {£i, . . . ,£k}. The stratification tt^i^rj! on R" in Example 11.21 is one of the 
coarsest cellular stratifications containing IjjL]^ Hk ® R^ as a stratified subspace. 

This efficiency is achieved by sacrificing symmetry. The stratification tt^^^j^c is not compatible 
with the action of the symmetric group Sf. As is stated by Bjorner and Ziegler in (BZ92| . we 
may subdivide 7r^,g,Rf by using the product sign vector Sf. Define 

: <^ ^ Map(L, Si) 

by 

'^Am' (2^1' • ■ • ' Xi){£^) = (sign(£,(xi)), . . . , sign(£,(x£))). 
Define a map c : Sf Si oi posets by 

c(ei, ...,££)= EiBi, 

where i — max {j \ Ej ^ 0}. This is surjective and the diagram 



Map(i,5f) — ;Map(i,5,) 

is commutative. Thus tt^^jj^ is a subdivision of the stratification tt^^r^ . The regularity of the 
cellular stratification 7r_4^Rf implies that this is a cellular subdivision. Note that (R"ig)R^, T^'^^j^e) 
is a E^-cellular stratified space. □ 

Example 3.34. Let TTnun be the minimal cell decomposition of S"^. By dividing the 2-cell by 
the equator, we obtain a subdivision tt of TTmin as a stratified space. By dividing the domain of 
the cell structure of the 2-cell in TTmin, this subdivision can be made into a subdivision of cellular 
stratified spaces, as is depicted in the following figure. 
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There is another way to make the stratification tt into a cellular stratified space. Choose a 
small disk D in touching dD^ at a point p. 




The small disk D is mapped homeomorphically onto the lower hemisphere via y'. There is a 
map 

il):D^ — > - liii{D) 

such that the composition o ■)/) is a cell structure for the upper hemisphere. For example, such 
a map can be defined by identifying two points in the following figure to p. 




The morphism of stratified spaces tt — > TTmin also becomes a morphism of cellular stratified spaces 
with this cellular stratification on tt, but it is not a subdivision of cellular stratified spaces. □ 

We often define a cellular subdivision of a cellular stratified space (X, tt, $) by defining sub- 
divisions of domains of cell structures. The problem is of course the compatibility. 

Lemma 3.35. Let [X, tt, $) be a cellular stratified space whose cell structures are hereditarily 
quotient. Suppose that a regular cellular stratification ttx on each domain Dx is given. Define a 
stratification it' on X by 

^= U U V'A(ev)- 

AeP(X,7r) A'eP(Int(DA)) 

Suppose further that the following conditions are satisfied: 

1. For each A G P{X), Int(_DA) is a strict stratified subspace of Dx. 

2. For X' G P{Dx) and G P{D^), 

ipx o sx' (Int(£»A')) n -yJ;^ o s^/ (Int(D^/)) ^ 
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implies 

fx ° sx' (Int(DA')) = <fu.° s^' (Int(£»^/)) . 
For X' € P{Iiit{Dx)), define a map tpx' ■ Dy X by the composition 

Dy ^Dx^X, 

where sx' is the cell structure of ex' ■ Then these structures define a cellular stratification on X 

with {ipx'} cell structure maps. 

Proof. It suffices to verify that ipx is a strict morphism of cellular stratified spaces from {Dx, ttx) 
to {X,tt'). 

By assumption, 

<PA|int(DA) : Int(i:'A) — > ex 

is an isomorphism of stratified spaces. We need to show that ipx is a strict morphism of stratified 
spaces on dDx- For a cell ex' C dDx, f{ex) is contained in X — ca and there exist /x e P{X) 
and /i' e P(Int(£)^)) such that 

ifx o SA'(Int(DA')) riip^o Si,,{IntiD^,)) ^ 0. 

By assumption, 

<fix o SA'(Int(-DA')) =^1^° s^'{lnt{Dij,>)) 
and thus (fx '■ {DxjT^x) (^i""') is a strict morphism of stratified spaces. □ 

Definition 3.36. We say that the above cellular stratification is induced by the family {TTx}xePix) 
of cellular stratifications on the domains of cells. 

Example 3.37. Consider the following cellular stratification of an open annulus A = e^ U e^. 



V2 

> 



We use Int(/) and Int(/) x / as the domains of the cell structures for the 1-cell and the 2-cell. 
The subdivisions of Int(J) in the middle and of Int(/) x / by horizontal cut in the middle induce 
a subdivision of this stratification. 

The following "tilted subdivision" of Int(/) x /, however, does not induce a subdivision of 
the annulus, since it does not satisfy the second condition of cellular subdivision. 

T I 

By subdividing the boundary further, we obtain an induced subdivision, as is shown in the right 
figure. □ 
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3.4 Subdivisions of Cylindrical and Locally Polyhedral Structures 



Example 13.371 says that, in order to obtain an induced subdivision of a cellular stratified space 
from subdivisions of domains of cells, the compatibility with lifts of cell structures is the key. In 
particular, if a cellular stratified space is equipped with a cylindrical structure, we may describe 
a condition for the existence of a cellular subdivision in terms of the cylindrical structure. 

Proposition 3.38. Let {X, n) be a cylindrically normal cellular stratified space whose cell struc- 
tures are hereditarily quotient. Suppose that a regular cellular stratification ttx on D\ is given 
for each A G P{X) and that, for each pair fi < X in P{X), the structure map 

b^^x ■■ -Pp,A X Df, — > Dx 

is a strict morphism of stratified spaces. Then cells in lnt{Dx) for A G PiX) give rise to a 
cellular subdivision of X. Furthermore this is cylindrically normal. 

Proof. Let us verify the condition of Lemma 13.351 We proceed by induction on the dimension 
of cells in (X, tt). When dimD^ = 0, the subdivision ttx is trivial and there is nothing to prove. 
Suppose we have proved that the condition of Lemma 13.351 is satisfied for all cells in Z?^t with 
dimD^ < n. Consider an n-cell ipx ■ Dx —¥ X in {X, n). 

Each cell in Int(£'A) is mapped homeomorphically onto its image by ipx- Let ex' C dDx be 
a cell. Since dDx is covered by the images of &^_a for ^ < A and b^^x is a strict morphism of 
stratified spaces, there exist ^ G P{X, tt) and a stratum e x e' C P^,a x -D^ with ex' = b^^x{e x e'). 
The commutativity of the diagram 




implies that ipxi^x') = ^fii^')- By the inductive assumption, ip^{e') does not intersect with other 
cells nontrivially. Thus cells in Dx also satisfy the condition of Lemma 13.351 

A cylindrical structure is defined as follows. For (/i, < (A, A') in P{X, tt'), if /i = A, define 
P{fj,,fj,'),(x,\') to be a single point, since the cellular stratification on Dx is assumed to be regular. 
When /i < A, define 

P{^.,^.')X^,y) = P^.,\ I b^^x {{x} X V (^M')) ^ «A' (^A')} • 

Since 6^^a is a strict morphism, -P(p,p'),(A.A') is a stratified subspace of -P^,a- The composition 

P(py)A\,\'} X D^, Pf,^x X L*^ ^ L>A 

has a unique lift 

b(p^^,')^{x,y) ■■ ^(m,m').(a,a') X D^, — > Dx' 

because of the regularity of the cellular stratification on Dx- These maps define a cylindrical 
structure. □ 
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Example 3.39. Consider the minimal cell decomposition 7ri„i,i on S^. As we have seen in [Tambj . 
^0,2 = and the canonical inclusion 

&o,2 :S^xD°—^ dD^ C 

defines a cylindrical structure on (S*^, TTmin)- 

Divide the parameter space Fo,2 = into three parts 

{{x,y)eS' \ y>0} 

{{^,y)&s' I 2/ = 0} 

{ix,y)&S' I y<0}. 

Then 60,2 becomes a strict morphism under the subdivision of TTmin in Example 13.341 And the 
subdivision is cylindrically normal. □ 

Let us consider subdivisions of locally polyhedral structures. The following requirement 
should be reasonable. 

Definition 3.40. Let (X, tt, $) be a locally polyhedral cellular stratified space with polyhedral 
replacements a\ : Fx ^ D\. A locally polyhedral subdivision of {X, tt, $) consists of 

• a cellular subdivision s — (s, {s\}) : (tt', $') — !> (tt, $) of (vr, $), 

• for each A G P{X,Tr), a regular cell decomposition of D'^"^^'^^ and a subdivision of Fx via 
convex polytopes, and 

• a subdivision of each parameter space -P^,a as a locally cone-like space, 
satisfying the following conditions: 

1. The subdivision of Dx under s is a stratified subspace of D'^™'^^ for each A G P{X, tt). 

2. The polyhedral replacement ax : Fx £)dimeA jg g^j^ isomorphism of stratified spaces for 
each Xe P{X,Tr). 

3. The structure map 6^. a ■ Pfj.,x x D^^ — !■ Dx is a strict morphism of stratified spaces. 

Remark 3.41. Recall from CoroUarv 12.341 that cell structures in a locally polyhedral cellular 
stratified space are bi-quotient. Hence the "hereditarily quotient" condition in the definition of 
cellular subdivision is always satisfied. 

For such a subdivision, we have a subcomplex Fx' of Fgi^x') corresponding to Dx' for each 
A' e P(A:, tt'). And the diagram 

Ps{X') -Ds(A') ^ es(A') X 

M A A 

Fv ^ Dx' ^ 637 

is commutative, where -Fs(a') — a'^f^y^{Dx') and Fx' = a^f^y^{sx'{Dx')). Thus we obtain the 
following fact. 



P+ - 

0,2 — 

pQ _ 

^0,2 — 

-^0,2 = 
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Lemma 3.42. Let (X, tt, $) be a locally polyhedral cellular stratified space and (tt', $') be a locally 
polyhedral subdivision of (tt, $). Then there exists a locally polyhedral structure on (X, 7r',$') 
under which the subdivision 

is a morphism of locally polyhedral cellular stratified spaces. 

Proof. It remains to verify the CW condition, which is a consequence of Corollarv l2.8l □ 

Remark 3.43. Recah that any CW totally normal cellular stratified space X can be made into 
a locally polyhedral cellular stratified space by Lemma 12.311 Subdivisions of X satisfying the 
conditions in Proposition 13 . 381 are locally polyhedral subdivisions of X. 

Proposition 13 .381 provides us with a useful way to construct subdivisions that are compatible 
with cylindrical structures. For example, the stratification on the configuration space of spheres 
used in pGRT| is obtained by taking subdivisions of the domain of the cell structure map for each 
cell in (S"*)*^ by the stratification iTAk^itsR" associated with the braid arrangement Ak-i (8) M". 
The subdivisions are obtained by replacing the domain of the top cell by the cube of the same 
dimension 

(/")'= ^ — ^ (5'")'= 

and then by taking the subdivision of (/")'" by the braid arrangement. 

For a cubically normal^ cellular stratified space X, we may define subdivisions of the do- 
mains of cells in the product stratification X'^ by the stratification T^Ak-i^R" ■ But the resulting 
subdivisions of domains might not be compatible with the cylindrical structure of X'^. The main 
reason is that the automorphism group of the unit cube does not preserve the braid arrangement. 

Definition 3.44. For e e {±1} and 1 < i < j < k, define a hyperplane Hf ^ by 

Hlj = {(xi, . . . ,Xfe) G M'' I X, = exj} 

and define a hyperplane arrangement A^_i in R*^ by 

■^k-i= {Kj I ^<^<J<k,e^{±l}}. 
By using the symmetrized stratificatiorF^ Tr'* ^ associated with this arrangement, we 

obtain a subdivision of X^ . 

Definition 3.45. Let X be a cubically normal finite cellular stratified space with cubical struc- 
ture given by {a\ : Q\ D\}. Define a subdivision of X'' as follows. 

Choose a linear extension of P{X). For each cell e^i x • • • x ex^ in the product stratification 
X'', choose a permutation cr G Sfe with 

(e,, x...xeAja=(e^,n x...x(e^,n, (1) 

where e^^ , • • • , e^^ are distinct cells with //i < • • • < 

The symmetrized stratification TT*. + j;„, ^ associated with , is a cellular stratifica- 

tion on E™' » R'^*"^'^^'. . The inclusion 

^"Definitio n [3:231 
11 Example [3]33] 



30 



induces a cellular stratification on (Q^^J™* and thus on the product Q™^ x • • • x Q™*^. 
Define a stratification on e^i x • • • x ca^ by the composition 

(IntQ^J'"^ X • • • X (IntQ^J™^ ^ ^ , _ ^ ^ x • • • x ca, , 

which is a honieomorphism. 

Proposition 3.46. For a cubically normal finite cellular stratified space X , the above construc- 
tion defines a locally polyhedral cellular stratification on containing the discriminant set or 
the fat diagonal in X^ 

AkiX)^ [j {{xi,...,Xk) ex'' \ x,=xj} 

l<i<j<k 

as a stratified subspace. Thus it also contains Conffe(X) as a cellular stratified subspace. 

Proof. Let us verify the conditions in Proposition 13.381 

Let {a\ : Q\ D\\ be the cubical structure on X . In the rest of the proof, we identify 
D\ with Q\ under a\. In particular, the structure map bf^ \ of the cylindrical structure on X is 
regarded as a map 

fep,A : -Pa'.a X — > Qx, 

which is an affine strict morphism of stratified spaces. 

We need to show that, for each sequence of pairs /^i < Ai, . . . , /^^ < A^, there exists a cellular 
stratification on Ppi^^x^ x • • • x P^^.Afc such that the composition 

(^'pi,Ai X g^j X •■• X (p^,,A, X g^j 
'^-'^"^^-'^ gA.x...xgA. 

is a strict morphism of cellular stratified spaces, when Q^^ x • • • x g^j. and gAi x • • • x Qx,, are 
equipped with the stratification defined in Definition 13.451 By the definition of the stratification, 
it suffices to show that there exists a cellular stratification on P™x under which the composition 

X g™ ^ (Pp,A X g^)" g™ 

is a strict morphism of cellular stratified spaces. By assumption P^^x is a stratified subspace 
of a cube . The stratification induced by the stratification on (J^)™ associated with the 
arrangement tt" ± does the job. □ 



Definition 3.47. The stratification on X defined above is called the symmetric braid strat- 
symmetric braid stratification and is denoted by ttq^j^'^ 



ification and is denoted by tt^*"^'^. The induced stratification on Conffe(X) is also called the 



When coarser stratifications 7r_^± ^Tg_m, '^Ae-i igiK™' "".Af-iigiM™ define a cellular subdivision 
of the product stratification on X'^, the resulting stratifications are denoted by tt^^', tt^'^''', 
or ttJ;!'', respectively. The induced stratifications on Conf^;(X) are denoted by tt^*^'', tt^'^, or 
TT^f^, respectively. The coarsest stratification tt}^'^ and its restriction TT^ff. are called the braid 
stratifications. 
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Example 3.48. The minimal cell decomposition of is cubically normal. Thus we have the 
symmetric braid stratification on Conffc(S'"). In this case, the braid stratification can be also 
defined. □ 



Example 3.49. It is easy to see that any 1-dimensional finite cell complex X is totally normal. 
It is also cubically normal, hence so is the product cellular stratification on X'^. Thus we obtain 
the symmetric braid stratification on Conffc(X), which coincides with the braid stratification. □ 

Example 3.50. Consider the cubically normal cell decomposition of MP^ in Example 13. 261 The 
symmetric braid stratification tt^^'''" defines a cellular stratification on (RP^)'^ by Proposition 
13.461 However, we may use a coarser stratification tt^*"^, although the coarsest one tt^'' does not 
define a cellular stratification on (MP^)*''. □ 

We shall pursue this idea of studying configuration spaces by defining a good subdivision of 
the product stratification in a separate paper. 

4 Duality 

In |Sal87] . Salvetti first constructed a simplicial complex Sd{M{A ® C)) = BC{M{A ® C)) 
modelling the homotopy type of the complement of the complexification of a real hyperplane 
arrangement A and then defined a structure of regular cell complex by gluing simplices. This 
process reduces the number of cells and allows us to relate the combinatorics of the arrangement 
A and the topology of Salvetti's model Sd{M{A (X) C)). The process is closely related to the 
classical concept of duality in PL topology. 

In this section, we introduce an analogous process for locally polyhedral stellar stratified 
spaces. With stellar stratifications, we are able to extend both Salvetti's construction and the 
duality in PL topology. 

4.1 A Canonical Cellular Stratification on the Barycentric Subdivision 

Let us first study stratifications on the barycentric subdivision Sd(X) of a cylindrically normal 
cellular stratified space X. 

By CoroUarv 12.491 we know that Sd(X) = BC{X) has a structure of totally normal cell 
complex, when X is a totally normal stellar stratified space. Let us extend this structure to a 
cellular stratification on Sd(X) for a cylindrically normal stellar stratified space X. 

Given a cylindrically normal stellar stratified space X, we have an acyclic topological category 
C{X). By forgetting the topology. Lemma [2.451 and Lemma [2.461 give us a map 

7rsd(x) : Sd{X) - BC{X) - \\N{C{X))\\ "~-^"» []7V,(C(X)). 

fe 

As we will see in Lemma 14.241 the set Yik ^kiC{X)) can be identified with the barycentric 
subdivisior0 of the acyclic category C'{X) and has a structure of poset. Let us verify that the 
map 7rg(j(x) defines a cellular stratification on Sd(X). 

Proposition 4.1. For a cylindrically normal stellar stratified space X , T^sdix) defines a cellular 
stratification. 

12 Definition [133] 
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Proof. Let X be a cylindrically normal stellar stratified space. For each nondegenerate fc-chain 
b G Nk{C{X)), 

'^Sdix)(^) homeomorphic to Int(A'^). The closure of 7rgj^^^(6) in Sd(X) is an 
identification space of A". Since the identification is defined only on the boundary, T^g^^^js^ 
is open in its closure and is locally closed. For nondegenerate chains b and b' , '^^^(^x)(^^ ^ 
7rgj^^j(b') if and only if ^g^f^x)^^^ included in 7rg^^^^^(b') as a face. In other words, this holds 
if and only if there exists a sequence of face operators mapping b' to b, which is equivalent to 
saying b < b' . Thus TTsd{x) is a stratification in the sense of Definition 12.21 

Under the standard homeomorphism A'^ = D'' , we obtain a continuous map 

ifib : -D^' = {b} X A^- ^ l[Nk{CiX)) x A^' = Sd(X). 

k 

By the compactness of D'^, ipb is a quotient map onto its image, which is the closure of '^g]^(^x) (^)' 
The boundary of '^g]^(^x)^^'^ consists of points in Sd(X) of the form [b,t] with t G dA'^. Under 
the defining relation, such a point is equivalent to a point in Ni{X) x A^ for £ < k. Thus we 
obtain a cellular stratification. □ 

Note that this cellular stratification is rarely a CW stratification, when parameter spaces 
have non-discrete topology. 

Example 4.2. Consider the minimal cell decomposition 7r„ : 5" = e° U e" of the n-sphere. We 
have 

iVo(C(5")) - C(5")o = {e°,e"} 
lVi(C(5")) = C(5")(e^e") = 5"-! 
[j7Vfe(C(5")) = 0. 

k>2 

Thus Sd(5'"; 7r„) has only 0-cells and 1-cells. There two 0-cells v{eo) and w(e") corresponding 
to e° and e". There are infinitely many 1-cells parametrized by the equator 5*""^. For x e S^'-^, 
the 1-cell el. corresponding to x is given by the great half circle from the south pole to the north 
pole through x under the identification Sd(S'"; 7r„) = S*". 



v(e") 



Sd(5";7r„) 



t;(eO) 

□ 



4.2 Canonical Stellar Stratifications on the Barycentric Subdivision 

As Example 14.21 shows, the cellular stratification on Sd(X) defined in the previous section is not 
very useful. However, Example 14.21 also suggests that by gluing cells in Sd(X) together, we may 
construct a good cellular stratification. In the classical PL topology, such a construction is called 
star. 
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Definition 4.3. Let X be a stellar stratified space. For x £ X, define 

St{x;X) = U ex. 

For a subset A d X, define 

St(A;X) = y Slix-X). 
The stratified subspace Sl{A\X) is called the star of A in X. 

Example 4.4. In the cellular stratification on Sd(S'"; 7r„) in Example 1 4. 2 1 we recover the original 
cellular stratification on 5" by 

Sd(S'") = '(;(eO) U St(i;(e"); Sd(S'"; 7r„)). 

Note that we also have 

Sd(S'") = v{e^) U St(i;(e°); Sd(S'"; 7r„)). 

□ 

The cellular stratifications in the above example can be described in terms of lower and upper 
stars defined in Definition 12.551 

Definition 4.5. Let X be a cylindrically normal stellar stratified space. Define a map 

TTxop : Sd(X) — > P{X) 

by the composition 

Sd(X) ]\Nk{C{X)) C{X)o = P{X), 

k 

where s is the map induced by the source map in the category C{X) and is also called the source 
map. 

By definitiorP^. Trsd{X) is a subdivision of t:x°p if '^x°p defines a stratification on Sd(X). 
Each inverse image vr^op (A) has the following description. 

Definition 4.6. For a cell e\ in a cylindrically normal stellar stratified space X, define 

^f''^ = l|St>e.(C(X))|| 

We also denote 

= ||St>e,(C(X))|| - ||Lk>,,(C(X))||, 

where ||Lk>e;^ (C(X)) || is regarded as the bottom subspace of the cone under the identification 

||St>,,(C(X))|| -{leJ*||Lk>,,(C(X))|| 

in Lemma r2.60l 

Definition [23] 
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Lemma 4.7. Let X be a cylindrically normal stellar stratified space. In the stratification i:x°v, 
each stratum is given by the image of d'^^'^^ '° under the map tx = te^ ■ II St>e;^ (C(X)) || — Sd(X) 
defined in Definition \2.55i Namely 

Hence the closure of each stratum is given by 

Proof. Elements in are those which are represented by (it, toO+ (1 — tQ)t'), where to < 1 

and u begins with the identity morphism Ig^. Therefore s{t\(u)) — e\ and tx (Df^'^^'°j C 



7r^op(A). Conversely, by choosing a representative {u,t) of £ nj^lp{X) with t £ Int(A'^), 

wesee7r^ip(A) c tx 

Let p : U^NkiCiX)) x Sd(X) be the projection. Then the topology on Sd{X) is 

the weak topology defined by the covering {p{C{X){exo,exi) x • • • x C{X){eXf,_i,eXk) x A*^)}. 
Thus the closure of 

tx = p m U C{X){ex,ex,) x ... x C{X){ex,_,,exJ x (A'= - d"(A'^-i)) ) 

\ fe A<Ao<- -<Afc / 

is given by adding C{X){ex,exi) x ■ ■■ x C{X){ex^^_-^, exj x c?°(A'^~^). And we have 



□ 



Corollary 4.8. For a cylindrically normal stellar .stratified space X , ttx<>p is a stratification 
whose face poset is the opposite P(X)°^ of P{X). 

Proof. The fact that 7rj^op(A) is locally closed for each A £ P{X) follows from the description in 
Lemma 14.71 It also says that 7r^J,p(A) is connected, since it contains the barycenter v{ex) of ex- 
The compatibility with the partial order in P{X)°^ also follows from the description of the 
boundary in Lemma 14.71 □ 

Definition 4.9. The stratification ttx°v is called the stellar dual of ttx- 

Thus when ||Lk>e;^ (C(X)) || can be embedded in a sphere S'^~^ in such a way that the closure 



||Lk>e^(C(X))|| is a finite cell complex containing ||Lk>e^(C(X))|| as a strict cellular stratified 
subspace, || St>e^(C(X))|| can be regarded as an aster in . 

Proposition 4.10. Let X be a finite locally polyhedral cellular stratified space with compact 
parameter spaces. Then Sd{X) has a structure of stellar stratified space whose underlying strat- 
ification is TTx°p o,nd the face poset is P(Sd(X), 7rx°p) = P{X,t:x)°^- 

Proof. For A £ P{X), consider the upper star St>e;, {C{X)) and the upper link Lk>e;^ {C{X)) of A 
in C{X). Since compact locally cone-like spaces can be expressed as a union of a finite number of 
simpliceJ^. each parameter space has a structure of a finite polyhedral complex. And the comma 



14 Theorem 2.11 in IRS72| 
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category e\ J, C{X) is a cellular category whose morphism spaces are finite cell complexes. By 
Lemma 12.511 and the finiteness assumption, || St>e;^(C(X))|| = B{e\ \. C{X)) is a finite cell 
complex and ||Lk>e;^ (C(X)) || is a subcomplex. Choose an embedding ||Lk>e^ (C(X)) || ^ S^^^. 
Then Z?f = {lej * ||Lk>e;,(C(X))|| is embedded in . 
By definition, 

te. :i?f''^^7r^ip(A)cSd(X) 
is a quotient map. The fact that is a homeomorphism onto Tr^^op (A) when restricted to 
Int [d^'^'^ ^^ — D^^'^^'" follows easily from the description of elements in 1)^^-^^'° in the proof 
of Lemma 14.71 □ 

Remark 4.11. The three assumptions, i.e. local-polyhedrality, finiteness, and compactness 
of parameter spaces, are imposed only for the purpose of the existence of an embedding of 
||Lk>e;, (C(X)) II in a sphere. If we relax the definition of a stellar cell (fx ■ D\ ^ eX by dropping 
the embeddability of the domain D\ in a disk, we do not need to require these conditions. 

The next problem is to define a cylindrical structure for the stellar dual (Sd(X), ttx^p). 

Theorem 4.12. Let X be a finite locally polyhedral stellar stratified space. Suppose all parameter 
spaces A are compact. For A <°p /i in P(Sd(X), 7rx°p) = PiXji^xY^ , define P'^^ = P^i.,x- 
Then the stellar structure in Proposition \4. 1 0\ and parameter spaces {P^^} "if^^fi (Sd(X), 7rx°p) 
into a locally polyhedral stellar stratified space. 

Proof. It remain to construct PL structure maps 

Ai.Ao A2,Ai A2,Ao 

for A <°P fi and A2 <°p Ai <°p AqP. 

The composition map o°p is obviously given by the composition in X under the identification 

The action b'^^ of the parameter space is given by the following composition 

PZ>'<''^ - P,AxBieUC{X)) 

= C{X){e^,ex)xB{exiC{X)) 

^ B{exiC{X))xC{X){e^,ex) 

^ B{e,iC{X)) = D^^''\ 

where the last arrow is given by the composition in C{X). 

The compatibilities of fo^.A and o in X implies that b'^^^ and o°p satisfy the conditions for 
cylindrical structure. Obviously this is locally polyhedral. □ 

Definition 4.13. The stratified space {Sd{X),TTx°p) equipped with the stellar and locally poly- 
hedral structures defined in Theorem 14.121 is called the stellar dual of X and is denoted by 
DiX). 

The following fundamental example shows that cells in D{X) arc usually stellar and not 
cellular. 
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Example 4.14. Consider the standard regular cellular stratification on as a simplicial com- 
plex. The barycentric subdivision Sd(A^) is a simplicial complex depicted as follows. 




The stellar stratification on Sd(A^), i.e. D{A^) is given by the following figure. 




D(A^) consists of one stellar 0-cell, three stellar 1-cells, and three stellar 2-cells. The stellar 
structure for the 2-cell at the left bottom in £)(A^) is indicated in the figure as t^. Note that 
||Lk>eo (C(A^))|| consists of two 1-simplices. It is embedded in S^. The domain for this stellar 
structure map is the circular sector in the left. The middle point in the arc of the circular sector 
in Dq'"^ is mapped to the barycenter of A^ and two radii in Dq'^^ ■* are mapped to the half 
edges touching the lower left vertex of A^. 

The barycentric subdivision of I?(A^) can be easily seen to be isomorphic to Sd(A^) as 
simplicial complexes. And we have £'(Z>(A^)) = A^ as simplicial complexes. 

Sd(£)(A2)) D{D{^^)) 




For example, the 2-cell corresponding to the unique 0-cell in Z)(A^) is the whole triangle. □ 

The next example shows that, when X contains non-closed cells, the process of taking the 
double dual D{D{X)) slims down X while retaining the stratification. 

Example 4.15. Consider the 1-dimensional stellar stratified space Y in the picture below. 



Y 
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It consists of a 0-cell e° and a stellar 1-cell whose domain Di is a graph of the shape of Y with 
one vertex removed. The barycentric subdivision Sd(K) is the minimal regular cell decomposition 
of S^. Both D{Y) and D{D{Y)) are the minimal cell decomposition of S^. 



Sd{Y) D{Y) D{D{Y)) 




Note that the embedding i in Theorem ll.ll embeds D{D{Y)) in F as a stellar stratified space. □ 

As the above example suggests, the embedding i in Theorem 11.11 is an embedding of stellar 
stratified spaces if the domain is regarded as D{D{X)). Furthermore, when all cells are closed, 
we can always recover X from this stellar structure. 

Note that we may define this stellar stratification on Sd(X) directly without using D{—). 

Definition 4.16. Let X be a cylindrically normal stellar stratified space. For A G P{X), define 

i^fW = ||St<e,(C(X))|| 
^SalW,o ^ ||St<e,(C(X))||-|iLk<,,(C(X))||. 

The following fact is dual to Lemma 14.71 The proof is omitted. 
Lemma 4.17. Let X be a cylindrically normal stellar stratified space. Define a map 

^sai(x) : Sd(X) P{X) 

by the composition 

Sd{X) l[Nk{C{X)) A C{X)o = P{X), 

k 

where t is the target map. Then 7rgai(x) ^ stratification whose strata and their closures are 
given by 

-S-al(X)(A) - 

where s\ = Sg^ is the map defined in Definition \2.55\ 

Definition 4.18. The stellar stratified space (Sd(X), Trsai) defined above is called the Salvetti 
complex of X and is denoted by Sal(X). 

Remark 4.19. When the three assumptions in Proposition l4.10l are satisfied, we have Sal(X) = 
D{D{X)) as stellar stratified spaces. 

Theorem 4.20. Let (X, ttx) be a cylindrically normal stellar stratified space. Then Sal(X) has a 
structure of cylindrically normal stellar stratified space with which the map i : Sd{X) ^ X is an 
embedding of cylindrically normal stellar stratified spaces. When all cells in X are closed, i is an 
isomorphism of cylindrically normal stellar stratified spaces. When X is a finite locally polyhedral 
stellar stratified space satisfying the assumptions of Proposition ^". 1 (j\ we have Sal(X) = D{D{X)) 
as stellar stratified spaces. 
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Definition 4.21. When we regard Sd(X) as Sal(X), the embedding i is denoted by isai(X) • 
Sal(X) ^ X. 

We need a concrete description of i, which is rather compUcated, in order to prove this fact. 
We refer to the proof of Theorem 4.15 in |Tamb) for a description of i. 

Proof of Theorem \4-20\ The proof of the fact that TTsai is a stellar stratification is analogous 
to that of Theorem 14.121 The point is that we do not need the finiteness and compactness 
assumptions in this case, since maps Ze used in the construction of the embedding i already 
provides embeddings of D^^^'"'^^ into Dx. 

In the proof of Theorem 4.15 in |Tamb| . a map Zg : N{''^)k^{^) x A*^ D\ is constructed for 
each e : e^^ < • • • < ex^_^ < e\ in Nk{P{X)) by extending the composition 

N{nr,\e) X A'^-i = P,,_,., x A'^-^ P,,_,., x D,,_, '^^^ dD,. 

by using the identification A'^ = A''^^ * {k} and the fact that Dx is an aster. 
Under the identification 

NkiCiX)iex)= [] Nin)-\e), 

t{e)=ex 

we obtain a map 

Zk,x:NkiC{X)iex)xA''^Dx. 

In the proof of Theorem 4.15 in [Tamb] . we have verified that these maps are compatible with 
the simplicial structure and we obtain a map 

zx : \N{CiX)iex)\^ Dx. 

Note that 

St<,^iC{X))=N{C{X) iex) 
by definition and we obtain a map 

zx : ^""^ = II St<e,(C(X))|| - \\N{C{X) i ex)\\ = \NiC{X) i e,)| Dx. 

This is an embedding by construction. 

The embedding i : Sd{X) ^ X is defined by gluing these maps by the cell structure maps 
under the decomposition 

N,{CiX))= H H N{^)-,\e). 

\eP(X) t(e)=\ 

In other words, we have a commutative diagram 



Sd(X) X 
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By Lemma [4. 171 the map 

sx : ^^-^^ = B{C{X) i ex) — ^ BC{X) = Sd{X) 

induced by sx = Sea defines a stellar structure on the stellar cell t^^J^^x) ('^) indexed by A and 

the domain D^^'^-^) = || St<e^ C{X)\\ ^ \\N{C{X) i ex)\\ is mapped into ex via i. Therefore the 
embedding igai : Sal(X) ^ X is a morphism of stratified spaces. The above diagram also says 
that i is a morphism of stellar stratified spaces. 

The facts that the cylindrical structure on Sal(X) is given by the same parameter spaces P^^x 
as in X and that the structure maps are given by the concatenation of morphisms in C{X) 

:^M,A X \\St<,JCiX))\\^P^,x X ||7V(C(X);e^)|| \\N{C{X) i ex)\\ 

can be easily verified as we have done in the proof of Theorem 14.121 The construction of zx also 
implies that b^x'^^ is compatible with the structure map b^^x in X and the embedding i is a 
morphism of cylindrically normal cellular stratified spaces. 

When all cells in X are closed, i : Sd{X) — >■ X is a homeomorphism. The above argument 

implies that this map defines an isomorphism jsai(X) • Sal(X) ^> X of cylindrically normal 
stellar stratified spaces. 

Suppose that X satisfies the assumption of Proposition 14.101 By Theorem 14.121 we have an 
isomorphism of categories C{D{X)) C{X)°p. Thus 

j^D(D{x)) ^ ^^^^ ^ C{D{X))) - B{ex i C{XD - B{C{X) i ex) 

and the stellar structure map tx : ^ Sdp(X)) can be identified with sx ■ D\ — ^ 

Sd{X) under the identification Sd{D{X)) = B{C{X)°p) = B{C{X)) = Sd{X). And we have 
D{D{X)) ^ Sal(X). □ 

The following example justifies the name for Sal(X). 

Example 4.22. For a real hyperplane arrangement A, the structure of regular cell complex 
on the Salvetti complex Sal(y^) for the complexification of A defined in |Sal87| is nothing but 
D{D{M{A®'C))). For example, in the case of the arrangement A — {{0}} in M, the stratification 
on R is 

M= {0}U(-oo,0)U(0,oo) 
and the associated stratification on the complexification is 

C = {(0, 0)} U (-00, 0) X {0} U (0, oo) X {0} U + G C I y > 0} (J {x + iy e C \ y < 0} . 

Then Sd{M{A «) C)), D{M{A ® C)), and D{D{M{A ® C))) are given as follows: 

Sd{M{A®<C)) D{M{A(E>C)) D{D{M{A®C))) 






□ 
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4.3 The Barycentric Subdivision of Face Categories 

We conclude this paper by proving that the barycentric subdivision of a totally normal cellular 
stratified space corresponds to the barycentric subdivision of the face category. 

Let us first recall the definition of the barycentric subdivision of a small category. We use a 
definition in Noguchi's papers |Nogll[ [Nog| . See also the paper |dH08) by del Hoyo. 

Definition 4.23. For a small category C, the barycentric subdivision Sd(C) is a small category 
defined by 

Sd(C)o = l[Nn{C), 

n 

Sd(C)(/,g) = {^:[m]^[n] I go^^/}/. 

for / : [771] — > C and g : [n] C, where ~ is the equivalence relation generated by the following 
relation: for functors cp, : [m] [n] with g o ip ^ f and go^p — f^ipr^-ipif and only if 

g{mm{ip{i),ilj{i)} < max{i^(i), ?/;(«)}) G C{g{mm{lf{i),^p{i)}),g{ma.x{<f{i),■^(;{i)})) 

is an identity morphism in C for any i in [m\. 

The description can be simplified for acyclic categories as follows. 

Lemma 4.24. Let C be an acyclic small category. For f,g Sd(C)o, the set of morphisms 
Sd(C)(/, (7) consists of a single point, if there exists (p with f = g o ip , and an empty set otherwise. 
Therefore Sd(C) is a poset. 

Proof. Since C is acyclic, C{x,x) = {Ix} for any objects x G Cq. This implies that for Lp,ip : 
[m] — >■ [n] with f = goip = go'iJj^ip^'il)if and only if g(ip(J,)) = g{jp{i)) for all i G [m]. 
In other words, all elements in {95 : [to] — [?t.] | g ° ^ = f} are equivalent to each other. Hence 
Sd{C){f, g) is a single point if the above set is nonempty. □ 

In order to compare C{Sd{X)) and Sd{C{X)) for a totally normal stellar stratified space X, 
we need to understand the cellular stratification on Sd(X). By Corollarv 12.491 we know that 
Sd(X) is a totally normal cell complex when X is a totally normal stellar stratified space. Cells 
are parametrized by elements in N{C{X)). Let us denote the cell corresponding to b £ N{C{X)) 
by Cb. Cell structure maps are given as follows. 

Lemma 4.25. For each k, fix a homeomorphism = . Let X be a totally normal stellar 
stratified space. For b € Nk{C{X)), the composition 

jjkg^^k ^ B[fc] ^ BC{X) = Sd(X) 

defines a cell structure on the cell corresponding to b, where we regard b as a functor 6 : [/c] — > 
C{X). 

Proof The map Bb : B[k] -)> BC{X) is induced by the map TVb : F([fc]) N{C{X)). As we 
have seen in the proof of Proposition 14.11 a cell structure map on the cell corresponding to b is 
given by the composition 

A*-' = {6} X A'^' ^ ]J^Nk{C{X)) X A'= — > \\N{C{X))\\ ^ BC{X). 

k 
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Since Nk{[k]) consists of a single point, the above composition can be identified with 
A'^ - Nkiik]) X A'^ ""^^ Y[NkiC{X)) X A'^ — > ||lV(C(X))|| = 

k 

and the result follows. □ 

For simplicity, we use the standard simplices A*^ as the domains of cells in Sd(X). The cell 
structure map for Cb is identified with Bb by Lemma 14.251 

Theorem 4.26. For any totally normal stellar stratified space X , we have an isomorphism of 
categories 

Sd(C(X)) = C{Sd{X)). 

Proof. By definition, objects in Sd{C{X)) are elements of the nondegenerate nerve of C{X). 
On the other hand, objects in C(Sd(X)) are in one-to-one correspondence with cells in Sd(X) = 
BC{X). Under the stratification in Proposition l4.11 we obtain a bijection C(Sd(X))o = Sd(C(X))o. 
For b G 'Nk{C{X)) and b' e iV„(C(X)), we have 

C(Sd(X);7rsd(x))(eb',eb)= {/ : A™ ^ A'^ | Bb'^Bbof). 

Since -Bb'|jijt(A™) is injective, /|int(A™) is also injective. The condition Bb' = Bbo f implies that 
/lint(A'") is a PL map and hence / is a PL map. Since -Bb|jjjt(^fc-) is injective, such a PL map is 
unique if it were to exist. It is given by / = Blp for some poset map : [m] [k]. 

On the other hand, by Lemma [4.241 Sd(C(X))(fa', b) is nonempty (and a single point set) if 
and only if there exists a poset map ip : [m] — > [k\ with b' — b o (p. Thus the classifying space 
functor induces an isomorphism of categories 

B : Sd{C{X)) — > C{Sd{X)). 

□ 

Remark 4.27. Note that we obtained an isomorphism of categories instead of an equivalence. 
Since Sd(C{X)) is a poset, it implies that C(Sd(X)) is also a poset. Thus the barycentric 
subdivision Sd(X) of a totally normal stellar stratified space is a regular cell complex. 

A Generalities on Quotient Maps 

In our definition of cell structures!^, we required the cell structure map ip : D ^e oi a cell e to 
be a quotient map. In order to perform operations on cellular stratified spaces, such as taking 
products and subspaces, we need to understand basic properties of quotient maps. 

This quotient topology condition imposes some restrictions on the topology of e, especially 
when e is closed. For example, e is metrizable for any closed cell e. A proof can be found in 
a book [LW69| by Lundell and Weingram. Their proof can be modified to obtain the following 
extension of this fact. 

Lemma A.l. Suppose (p : D ^ e C X is an n-cell structure with (p~^{y) compact for each 
y G e. Then e is metrizable. In particular, it is Hausdorff and paracompact. 

IS Definition [TTTI 
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Proof. For y,y' £ e, define 

d{y,y') = min {d{x,x') \ x G ^r^{y),x' £ Lp^^{y')] , 

where d is the metric on Z?". By assumption, ip~'^{y) and ip~^{y') are compact and d{y,y') is 
defined. The compactness of (p~^{y) and (p~^{y') also implies that d is a metric on e. 

Let us verify that the topology defined by d coincides with the quotient topology by ip. The 
continuity of ip with respect to the metric topologies on D and e implies that open subsets in the 
d- metric topology are open in the quotient topology. Conversely let U be an open subset of e with 
respect to the quotient topology. We would like to show that, for each y G U, there exists S > 
such that the open disk Us{y] d) around y with radius 6 with respect to the metric d is contained 
in U. Let 5 he a Lebesgue number of the open covering {ip~^{U)} of the compact metric space 
ip^^{y). For y' G Us{y;d), there exist x S ip~^{y) and x' G <f~^{y') such that d{x,x') < S. Thus 
x' € Us{x; d) C if~^{U) by the definition of Lebesgue number. Or y' = ^p{x') E U. And we have 
Us{y';d)cU. 

It is well-known that a metrizable space is paracompact. See Theorem 41.4 in [MunOOj . for 
example. □ 

In particular, when ip : D ^ e is proper (i.e. closed and each (p~^{y) is compact), e is 
metrizable. On the other hand, the properness of ip implies that 1^9 is a bi-quotient map. 

Definition A. 2. A surjective continuous map f : X ^ Y is said to be bi-quotient, if, for any 
y £ Y and any open covering lA of f^^{y), there exist finitely many Ui, . . . ,Uk £ ti such that 
Ui=i f{Ui) contains a neighborhood of y in Y . 

Another important class of maps are hereditarily quotient maps. 

Definition A. 3. A surjective continuous map f : X Y is called hereditarily quotient if, for 
any y eY and any neighborhood U of f^^{y), f{U) is a neighborhood of y. 

Michael [Mic68j proved that bi-quotient maps are abundant. 

Lemma A. 4. Any one of the following conditions implies that a surjective continuous map 
f : X ^ Y is bi-quotient: 

1. f is open. 

2. f is proper. 

3. f is hereditarily quotient and the boundary df~^{y) of each fiber is compact. 

Proof. Proposition 3.2 in |Mic68) . □ 
It is straightforward to verify that a hereditarily quotient map can be restricted freely. 



Lemma A. 5. Any hereditarily quotient map f 
for any subspace A eY, the restriction 
quotient map. 



: X Y is a quotient map. More generally, 
: f^^{A) A is hereditarily quotient, hence a 



Proof. Suppose / is hereditarily quotient. For a subset U eY , suppose that f^^{U) is open in 
X. For a point y E U, f^^{U) is an neighborhood of f^^{y). Since / is hereditarily quotient, 
f{f~^{U)) = t/ is a neighborhood of y in Y . Thus y is an interior point of U and it follows that 
U is an open subset of Y . 

Since the definition of hereditarily quotient map is local, is hereditarily quotient for 

any AeiY. □ 
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Remark A. 6. See also Arhangel'skii's paper |Arh63| for hereditarily quotient maps. 

The following fact is useful for the study of stratification in our sense. 
Lemma A. 7. Let f : X ^ Y be a hereditarily quotient map. Then for any subset U <Z Y , 



Proof. It suffices to show that Int(/-i([/)) = /-i(Int(C/)). The continuity of / implies /"Hlnt(C/)) C 
Int(/-i(C/)). On the other hand, for x G Int(/-i(t/)), let V C f~^{U)) be an open neighbor- 
hood of X. Then f{V) is a neighborhood of f{x) with f{V) C U. Thus f{x) e Int(C/) and 



Lemma A. 8. Any bi-quotient map is hereditarily quotient. In particular, it is a quotient map. 



Recall that a product of quotient maps may not be a quotient map. There exist a space X 
and a quotient map f :Y ^ Z such that the product Ix y- f ■ X x Y ^ X x Z is not a quotient 
map. The following fact is a well-known result of J.H.C. Whitehead |Whi48l . 

Lemma A. 9. For a locally compact Hausdorff space X, Ixxf is a quotient map for any quotient 
map f. 

Unfortunately the domain of a cell structure may not be locally compact. 
Example A. 10. ^ {(1; 0)} is locally compact, while Int(I?^) U {(1, 0)} is not locally compact. 



The domain D of an n-cell structure ip : D e is often a stratified subspace of D" under 
a normal cell decomposition of Z?". In other words, D is obtained from D" by removing cells. 
In the above example, is regarded as a cell complex = e° U U e^. — e° is locally 
compact, while — is not. More generally we have the following characterization of locally 
compact subspaces in a CW complex. 

Proposition A. 11. Let X be a locally finite CW complex and A be a subcomplex, then X ~ A 
is locally compact. 

This is an immediate corollary to the following fact, which can be found, for example, in 
Chapter XI of Dugundji's book |Dug78| as Theorem 6.5. 

Lemma A. 12. Let X be a locally compact Hausdorff space. A subspace A <Z X is locally compact 
if and only if there exist closed subsets Fi, F2 G X with A = F2 — Fi. 

Proof of Frovosition \A.lR Since X is locally finite, it is locally compact. The CW condition 
implies that A is closed in X. □ 

Let us go back to the discussion on products of quotient maps. The main motivation of 
Michael for introducing bi-quotient maps is that they behave well with respect to products. 

Proposition A. 13. For any family of bi-quotient maps {fi : Xi — > Yi\i(zi, the product 



X e f-\lnt{U)). 



□ 



Proof. By definition. 



□ 



□ 



iei iei 



is a bi-quotient map. 
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Proof. Theorem 1.2 in IMic68) . □ 

The following property is also useful when we study cell structures. 

Lemma A. 14. Let f : X Y he a quotient map. Suppose that Y is first countable and 
HausdorfJ and that, for each y ^Y , df^^{y) is Lindeldf. Then f is bi-quotient. 

Proof Proposition 3.3(d) in |Mic68| . □ 

Corollary A. 15. Let Lp : D ^ e he a relatively compact cell. Then is bi-quotient. 

Proof. By Lemma lA.ll e is first countable and Hausdorff. By assumption each fiber ip^^{y) is 
compact and so is the boundary dip~^{y). The result follows from Lemma FA. 141 □ 
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